ABSTRACT. The classification of finite simple groups is used to prove that a cyclic Sylow subgroup of a finite simple group must be a trivial intersection set. Applications to character theory, and a necessary and sufficient condition for a cyclic Sylow subgroup of an arbitrary finite group to be a trivial intersection set, are obtained as corollaries.
Introduction.
The main object of this paper is to prove, with the aid of the classification of all finite simple groups, the following1 THEOREM 1. If P is a cyclic Sylow p-subgroup of a finite simple group G, then P is a trivial intersection (T.I.) set in G.
The theorem is nontrivial as it applies to a cyclic Sylow subgroup which is not of prime order. Such subgroups occur frequently in finite simple groups of Lie type.
Before we prove Theorem 1, we will state some corollaries and give some examples. Throughout the paper, p will be a fixed rational prime. If P is a finite cyclic p-group, P denotes the unique subgroup of P of order p. By "simple", we mean, of course, "non-Abelian simple". COROLLARY 1. Let G be a finite group with a cyclic Sylow p-subgroup P, and let U = Op.(G). Then P is a T.I. set in G if and only if Cu(P) = Cu{P). COROLLARY 2. Let G be a finite simple group with a cyclic Sylow p-subgroup P. If x is an irreducible character of G, then either \P\ |x(l) or (PiX(l)) = 1-COROLLARY 3. Let G be a finite simple group with a cyclic Sylow p-subgroup P-If X ¥" Ig is an irreducible character of G, then either G sa PSL2(p) or x(l) > \P\ -2.
Here are some instances of a group G with a cyclic Sylow subgroup P which is not a T.I. set. The solvable group G of [7, VII.11.1] is one such example. EXAMPLE 1 (DUE TO W. FEIT). Let H be any finite group with a cyclic Sy- Then there exists a splitting field GF(c7r) for H, and a module V for H over GF(c7r) which lifts to a module in characteristic zero which yields the character xa [7, III.3.3] . Then V is an elementary Abelian g-group such that Cv{P) < Cv{P)-Let G be the semidirect product VH. Then P is not a T.I. set in G by (the easy direction of) Corollary 1. EXAMPLE 2. Let H be any finite group with a cyclic Sylow p-subgroup P such that \P\ > p. Let H act (not necessarily faithfully) as a group of permutations on a set S of m letters, such that P acts nontrivially. Let J be any nontrivial p'-group and let V be the direct product of m copies of J. Let H act on V by permutation of coordinates. Since the nontrivial orbits of P on 5 break into properly smaller orbits for P, it is easily seen that Cv(P) < Cv(P). So if G is the semidirect product VH, then P is not a T.I. set in G.
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2. Proof of Theorem 1. The following result is both well known and elementary. » PROPOSITION (2.1). Let P be a cyclic Sylow p-subgroup of a finite group G. If P is a T.I. set in G, then Ch(P) = Ch{P) for all subgroups H of G. Furthermore, P is a T.I. set in G if and only if CG{P) = CG{P).
PROOF. Assume that P is a T.I. set in G. For any H < G, it is clear that CH(P) < CH(P). If ft € CH(P), then Ph n P > P implies that h G NG(P), by assumption. Then hpi (the p'-part of h) normalizes P and centralizes P, hence must also centralize P. Also, hp G P. So h -hphp> G Ch{P), and the first statement is proved.
To obtain the second statement, we may assume that Cg{P) = Cg{P)-If P < P9 n P for some g G G then PgP < CG{P) = CG{P), which has a unique Sylow p-subgroup P. Thus P9 = P and P is a T.I. set. PROOF OF THEOREM 1. Assume that G is a finite simple group with a cyclic Sylow p-subgroup P of order p™. By Burnside's transfer theorem, p > 2. If G is an alternating group, suppose that g G P has order p2. Then gp is a product of at least p disjoint cycles of length p, and hence is not conjugate in G to any power of a single p-cycle. So G has more than one conjugacy class of subgroups of order p. This contradicts the assumption that P is cyclic, and hence implies that |P| = p, so that P is clearly a T.I. set.
(lp,XAp)p =m< Suppose that G is a sporadic group. Then the list of normalizers of subgroups of prime order in G [9, pp. 40-70] shows that G has no cyclic Sylow subgroups apart from those of prime order.
By the classification of the finite simple groups (see [8, Chapter 2] ), we may assume that G is of Lie type (nontwisted or twisted). Let C = Cg{P), C = Cg{P)-It suffices to prove C = G, by Proposition 2.1.
Let G, as a (possibly twisted) Chevalley group, be defined over the field GF(cj), q a prime power. (When G is twisted, we mean here by "g" what Carter [3, p. 251] means by Y", "t?3", "22m+1" or "32m+1".) Suppose first that p | q. Then if G is nontwisted, P has distinct root subgroups Xs for each positive root s, with Xs « (GF(q),+), the additive group of GF(g) [3, 5.3.3] . Hence, P cyclic implies that q = p and G has rank 1. Therefore, G = Ar(p) = PSL2(p) and |P| -p, hence P is a T.I. set. If G is twisted, then P has distinct subgroups Xs for each equivalence class S of positive roots (as in [3, Chapter 13] ). Moreover, since p > 2, we have G ^ 2B2(22m+1), 2F4(22m+1) or 2F4 (2)'. Then q > p and S has the structure of a fundamental system of a root system of type Ai, Ai x Ai (both roots of the same length), A\ x Ax x Ax, A2 or G2 [3, 13.6.3] . If some S has type Ax x At or At x AT x AT, then [3, 13.6.3, 13.6.4] implies that Xs « (GF(g), +), an elementary Abelian group of order q > p, which contradicts our hypothesis on P. If some S has type G2, then by [3, 13.6.4] , the elements xs(0, u, v) of Xs form an elementary Abelian group of order q2, again a contradiction.
If some S has type A2, then Xs has order g3/2 and exponent p, but cyclic P has no such subgroup. Thus every class S of positive roots must be of type A\, which contradicts the fact that the underlying symmetry of a Dynkin diagram used to define the twisted group G indeed has nontrivial orbits.
So we may assume that G is defined over GF(q) with p\q. Let G be the universal Chevalley (or twisted Chevalley) group defined over GF(ç) such that G/Z(G) k G. (If G fa 2Í4(2)', we may either handle this case separately or replace G by 2F4 (2) , in which G has index 2, as it suffices to show P is a T.I. set in 2i<4(2).) Then there exists a simply connected, simple linear algebraic group G*, defined over the algebraic closure of GF(g), and an endomorphism a of G* onto G*, such that G equals G*, the fixed-point set of o [10, 11.6, 12.8] .
Let x generate P, and let y = xp" , so that P = (y). Let Z = Z(G) = Op(Z) x 0P'(Z). Let -K be the natural projection of G onto G. Let x be a p-element in G such that tt(x) -x. Let y = xp , so that ir(y) = y.
Let T = tt-^G). Then T = {g G G^^yg = yz, some z G Z} and CG(y)AT. Now, y a p-element and g'^yg = yz imply that z G Op(Z). Since g~mygm = yzm for all integers m, it follows that gp G CG(y) for some b. Thus, T/CG(y) is a pgroup. But CG(y) > (x, Op(Z)), which is a Sylow p-subgroup of G. It follows that 7T_1(G) = CG(y). Thus C = CG(y)/Z, and by a similar argument, G = CG(x)/Z. So it suffices to prove that CG(x) = CG(y).
A p'-automorphism of P must act faithfully on P. Hence, NC(P) -CC(P). So
Burnside's transfer theorem implies that G has a normal p-complement, say H. Let J = n-^H), so that J/Z « H. Thus J/Op(Z) is a p'-group, and so J = Op{Z)xV
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use in J, by Theorem 1. So in any event, P is a T.I. set in G Then CG(P) = CG{P) by Proposition 2.1. Let g G Cg(P)-Then g G CG(P). So if P = (x), we have g~1xg = xu, some u G U. Now xu is a p-element of UP, hence equals v~lxlv for some v G U and integer i. But xu G xU and v~1xlv G x%U imply that x% = x. So g~xxg = v~lxv, some v G U. Thus vg~l G CG(P) < CG{P), whence v G Cu{P) = Cu{P). It follows that g G Cg{P)-Hence, P is a T.I. set in G by Proposition 2.1. PROOF OF COROLLARY 2. A defect group D of the p-block containing x may be written as P9 n P for some g G G [7, III.8.14] . Then D = (1) or P by Theorem 1. The result follows by [7, IV.4.5 and VII.2.16 ].
PROOF OF COROLLARY 3. If \P\ = p, the result is immediate from [6, Theorem 
